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1 Distributions
Formelsammlung zur Vorlesung 1.1 Binomial distribution
Kategorlale Daten The variabley is binomially distributedy ~ B(n, ), if the probability mass function is given by
29.01.2015 B (Z)T(y(l —m)"Y ye{0,1,...,n}
fly) = { 0 otherwise

The parameters arec IN, = € [0,1]. One obtains

Diese Formelsammlung darf in der Klausur verwendet wergégene E(y) = nm, var(y) = nw(l - 7).

handschriftliche Notizen und Eagzungen drfen, ausschlielich au
den bedruckten Vorderseiten, einggf werden. Es drfen keine zust-

zlichen Bltter eingeheftet werden. 1.2 Multinomial distribution

The vectory” = (yi,...,yx) is multinomially distributedy ~ M(n, (74, ...,m)), if the probability
mass function is given by
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The parametek > 0 determines
E(y) = A, var(y) = \.
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1.4 Poisson gamma distribution

The variabley € {0, 1, ...} follows a Poisson gamma distributioRpGa(y, a, b), (also known as nega-
tive binomial distribution), if the mass function is given b

fly) = %YQG)) (bﬁ,)u (bi—’;)/ ye{0,1,...}

wherep > 0,a > 0,b > 0. One has

E(y) = #% var(y) = #% (1 + %) .

Fora € NN the distribution is exclusively called negative binomigtdbution, N B(a, 7), with mass
function

f(y) = <y N Z B 1>7Ta(1 - ﬂ.)y’ S {Ov L. }

andr = b/(b+ ). Herea denotes the number of successes atite number of failures.
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2 Loglinear Models

2.1 Two-way tables

1.5 Gamma distribution

A random variable, is gamma distributed; ~ I'(v, «), if it has density function

. 0 y<o0
f(y):{ a” yu—le—ay y>0

One has

Forv = 1 the exponential distribution is a special case.

In general, two-way ! x .J)-contingency tables witth rows and/ columns may be described by

X;; = countsin cell(, j),
Xa €{1,...,I} representing the rows
Xp € {1,...,J} representing the columns

The observed contingency table has the form

Xp
1 A |
Ty X X oo Xug | Xag
2| Xo1 : :
Xa : : . :
I Xn ... Xy | Xit
Xi1 ... Xy

whereX;, = Z;‘I:I Xij, X+j = >,_, X;; denote the marginal counts. The subsctipt ” denotes the
sum over that index.

Poisson and Multinomial settings

LetX;;,i=1,....1,5 =1,...,J follow independent Poisson distributions;; ~ Po();;). Then the
conditional distributiorof (Xu1, ..., X;) givenn = 3=, . X;; is multinomial. More concrete, one has

with A =35, - i,
Multinomial and Product-Multinomial settings

Let (X, ..., Xrs) have multinomial distribution(X, ..., X;;) ~ M(n, (m11,...,71s)). By condi-
tioning on the row margins,; = 3_, X;; one obtains the product-multinomial distribution with pae
bility mass function

|

1
f(l?n.,....xu):HT , Ty !

],/_l ZiJ
zaleooooay!

fﬁl et T
wheren;; = mj/zj mj = m;/mi. Thus the cell counts of one row given, have multinomial
distribution,

(Xit, o Xig) ~ M(nig, (g, - - 7 13))
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Loglinear Model for Two-Way Tables

log(pi5) = Ao+ Xag) + M) + Aasij)

Constraints: s

i=1
or

J I J
D Maw =D _AsG) =D M) = O Msay =0,
j=1 i=1 j=1

Aany = Ay = Aapis) = Aapaj) = 0.

Additional constraints for multinomial tables:

E MM A BG) MBI =

iJ

Additional constraints for product-multinomial tables:

obtained by lettingX 4 and X 5 be design variables, i. @,;, = X;;, is fixed and
(Xijla s -,X”K) ~ A‘W(niﬁy (7rz'j17 cee 777in))- (2)

Whereﬂ,jk = P(X(‘ = k|X4 = i,X]} = _])
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Product-Multinomial settings
niy+ = Xy is fixed and
(Xilh cee aXi./'K) ~ ]\'1(711++~, (7T111~, cee ,‘m.m)% (1)
wherer;;, = P(Xp = j, X¢ = k| X4 = i). An example of the second variant (two design variables)

J
Z MM B0 MB@) =, i=1,...,1 (forn; fixed),
j=1
I
Z MM A BG) A an) = nyj, j=1,...,J (forny; fixed).
i=1
2.2 Three-way tables
Three-Way Tables
Xe
X, X5 1 2 K
1 [ Xin X Xk | Xy
2 | Xin X :
J | X e KXk | X1+
2 1 XZ]] XZIZ X2|K X21+
2 | Xoor Xoo :
J | Xon KXoy | Xojs+
I 1 | X Xne Xnk | Xny
2 | X1 Xio :
J | Xin Xigr | Xig+

Loglinear Model for Three-Way Tables

log(eijx) = Ao + Aag) + AnG) + Aow) + Aasg) + Aacar + Aoy + Aapodi)
Constraints:

Z M =D Asg) = ij A =0,
Z AAB(iy) :]Z AaB(if) - D Ao = Zk: Aacar) = Z Apc(r) = Zk: Asc(r) = 0,
S st = S Aancie = 3 et =0 J
i i
or

Aa) = Ay = Aoy = 0,
AABG,J) = AAB(Lj) = MC(K) = Aac(k) = ABC(iK) = ABc(k) = 0,
AABC(1jk) = AaBC(iJk) = AaBc(ijk) = 0.

S
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Loglinear Model Regressors of
Logit-Model

ABJAC B

A< 1,24
X, Xc conditionally independent, giveki 4 [
AB/BC B

A 1,25
X4, X¢ conditionally independent, givekip [}
AC/BC B

A Lz, zp
X 4, Xp conditionally independent, givel C
A/BC B

Ao 1,25
X4 independent of X, X¢) C
AC/B B

A 1,24
(X4, X¢) independent of 5 \ C
AB/C B

A/ 1
(X4, Xp) independent o Xe
A/B/C -B

Ao 1
X4, Xp, X are dependent e

ABJAC Aapc = Apc =0 P(Xp, Xc|Xa) = P(Xp|XA)P(Xc|Xa)
X5, Xc conditionally independent giverk 4
P(X4, Xc|Xp) = P(Xal|Xp)P(Xc|XB)
X4, X¢ conditionally independent giverX 5
P(X4, Xp|Xc) = P(Xa|Xe)P(Xp|Xc)
X4, Xp conditionally independent giveX
A/BC  Aapc =Map =Mac =0 P(Xa, Xp, X¢o) = P(Xa)P(Xp, Xc)

X4 jointly independent of( X5, X¢)
AC/B Aapc = Aap = Apc =0 P(X4,Xp, Xc) = P(Xa, Xc)P(Xp)

(X4, X¢) jointly independent ofX
AB/C )\AB(J = /\A(J = /\B(J =0 P(X/\aXB~XC) = P(XA>XB)P<XC)

(X4, Xp) jointly independent ofX
A/B/C Aapc = Aap = dac = P(X4, Xp, Xc) = P(Xa4)P(Xp)P(Xc)

Apc =0 X4, Xp, Xc are independent

AB/BC Ape = Aac =0

AC/BC Aape = Aap =0
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Type 0: Saturated Model
log(piji) = Ao + Aagp) + ApG) + Acw) + Aasiig) + Acar + Ascg) + Aapciin-
Type 1: No three-factor interaction

log(piji) = Mo+ Aagy + () + Acw) + MaBaj) + Macar) + Asogr)-

Type 2: Only two two-factor interactions contained

log(p1iji) = Ao + Aag) + Ab) + Acw) + Aacar) + Ascr)-

Type 3: Only one two-factor interaction contained

log(iji) = Ao + Aag) + As() + Aoy + Acgn)-

Type 4: Main effects model

log(piji) = Mo+ Ay + Ay + Acw)-

2.3 Inference for Loglinear Models

Likelihood and log-likelihood

Let all the Parameters be collected in one parameter vecterom the likelihood function

I J K | Tk
Pk i
L = T e
one obtains the log-likelihood
l(v) = sz;k 10%(#7,;1\:) - Zl"uk - Zl(’g<fljk'!)~
i.J.k i,j,k i,k

With 1., parameterized as the saturated loglinear model one oltitpirgsarranging terms (and omittin
constants)

I(y) = nXo+ E TiprAa@) + Z Ty AB() + E Tk AC(k)
i 7 %
+ Z Tijr Aap(ij) + Z TipkAac(ik) + Z T4k ABC(jk)
i ik itk

J
+ Z TijrAAB(ijk) — Z exp(A + Aag) + - - -+ Aapcir)-

ik ik

g
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Testing and Goodness of fit

For models with an intercept the deviance has the form
T
D= QZz‘ilog (A—) .
Hi
1

When considering goodness-of-fit an alternative is Peassgn’
(i = fu)®

(L
i i

For fixed N, both statistics have approximaté-distribution if the assumed model holds and means
are large. The degrees of freedom Afre- p wherep is the number of estimated parameters.
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3 Regression Models

3.1 Binary Response

m(x:) = Py = 1) = h(x] B)
Likelihood and Fisher Matrix for grouped data (withgroups)

N

1B => i {y log (%) +log(1 — ﬂ(xg)}

i=1

N
- - oh(xI'B)/on
_ _ 972 Ty . i ’ T
F(B) = B(-0%0)/0p08") = 3 _niyrrg oy ™
For the logit model which has canonical link one obtains thepter Fisher matrix

N

F(B) =Y nih(x] B)(1 = h(x] B))xx;

i=1

Alternative links:

Probit model
7(x) = o(x"B); o (m(x)) =x"B.

Complementary log-log model

7(X) = 1 — exp(—exp(x”B)); log(—log(1l — 7(x))) = x3.

Log-log model
(x) = exp(—exp(—x'8)): —log(~log(r(x))) = x"B.

Exponential distribution or Complementary log model

m(x) =1 —exp(—xTB); —log(1—7(x)) =x"B.

Exponential or log-link model

7(x) = exp(xB); log(r(x)) = x'B.

Cauchy model
7(x) = tan"'(x"B) /7 +1/2; tan(m(r(x) — 1/2)) = x" 3.

Explanatory value

Likelihood-Ratio-Index

Cox & Snell (1989)

Efrons measure

Mittlere Vorhersagedifferenz

Kendalls

o™ n(n—1)/2
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Overdispersion: Beta-binomial Model

Py aib) = [ PlulD: = 0)p(0)d,
y i\ o _y Dlai+6:) o1 b
= V(1 — )Y oL s T (1 — ;)b d ),
S () —orr st oo

(”i) (ai 4+ yi — 1)y, (bi + 10 — yi — D,y
Yi (al + bi +n; — l)m ’

Overdispersion: Quasi-likelihood

E(y;) = nim; = n;h(X] B),
var(y;) = nim;(1 — m;)¢.

3.2 Multinomial Response

Generic Multinomial Logit Model

exp(xF'3,)

P(Y =7[x) = SF exp(xTB,)

with optional side constraints

B, =(0,...,00"  reference category
B,, = (0,...,0"  reference categony,

k
Zﬂs =(0,...,00"  symmetric side constraint
s=1

Multinomial logit model mit reference category k

P =r[x) T
log [ ——— "V} — ,r=1,..., k—1,
°"<P(Y:k|x) XBp =1 k=1,
or
- T
p(y:rr\x):i’j)(xiﬁ")7 r=1,.. k-1,
14 7 exp(x'8))
s=1
1
PY = k) = ———————

1+ Y exp(x7B,)

=1
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Multinomial logit model with category specific covariates (leference category)

exp(X’' B, + vl a)

k=1 ’
1+ exp(x'B, +v7ar)

s=1

1

P(Y =r|x,{w;}) = r=1,... k-1

P(Y = k|, {w;}) = —

1+ exp(x'B, +v7a)
s=1

or

P =rix{wi}) _ _ o

3.3 Multinomial Response: Ordered Categories

Cumulative Type Model, dichotomization into groups

1 Yedl,...,r}

[Loorlr+ 1, K] yT:{O Ye{r+1,... k}
Sequential Type Model, dichotomization givEn> r
1 Y=r _
Lo frlr+1,... K yr*{o Vo given Y >
Adjacent Type Model, dichotomization giveéhe {r,r + 1}

1 Y=r .
1., [rlr+1],... K] y,.:{o Y >rai givenY e {r,r + 1}

Threshold (simple Cumulative) Model
P(Y <rlx) = F(ro, +x"),

or
P(Y =r|X) = F(yor + X"y) = F(y0,-1 +X"7),

where—oco = v50 < Y01 < - -+ < Yo = 00.

Sequential Model

P(Y = 7Y >7,X) = F(yo, +xX'), r=1,...,k,
or .

P(Y = r[x) = F(yor +X"9) [[(1 = Fy0: + ™).

i=1
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Cumulative Logit Model (Proportional Odds Model)

exp(yor +X77)

PY<rx)= —————>+—,

(¥ <r) 1+ exp(yo, +XxTy)’
o P(Y <7l
< rlx

log [ =" — 4 Xy

<P<Y>r|x>> oty

Cumulative Probit Model
P(Y <r[x) = @70, +X").

Cumulative Maximum Extreme Value (Gumbel) Model
P(Y < 7[x) = exp(—exp(yor + X)),

or
log(—log(P(Y < 7]x)) = 7o, + X

Cumulative Minimum Extreme Value Model (Proportional HaizModel, Gompertz Model)
P(Y <7[x) =1 — exp(— exp(yor + X)),
or
log(—log(P(Y > r[x)) = Yo, + X,

or
P(Y =r[Y >7,X) =1 — exp(— exp(Fo. + X" 7)),

with 5o, = log(>"7_, exp(50:)), 7 = 1,..., k.

Sequential Logit Model (Continuation Ratio Logits Model)

P =1y > r,x) = SR00 +XY,) x,)
= 1+ exp(vor + XTv)’

o PY
og (20 =120

— L) =, + XT.
P(Y>r|x)> Tor + X7

Generalized Cumulative Model

P(Y <rjx) = F(yor +X'v,), r=1,... .k

Generalized Sequential Model

PY =r]Y >r,X) = F(yor +X",), r=1... k.
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Basic structure of multicategorical models
g(mi) =Z;8, m =h(ZB),
with

g = (g, ,9)" RT— R, h=g7",
T, = (77,17.“,7%)7-, i = P(Y = r|X;).

3.5 Inference

Log Likelihood
np; ~ M(n;,m),i=1,....g

](5) = Z { i Pir 102(7%‘/(1 =T qu)) +log(l—my — -+ — qu)} +10g(C(]711 cee «Piq))

i=1 r=1

Score function .
5(8) = 91(8)/08 = 3 Z/Di(B)=;(B) (p: — i(B),

whereD;(8) = 0h(Z;83)/0n, 2:(8) = cov(p;) = - {diag(m;) — m;7] }

Fisher matrix

F(8) =Y 2 WAL

whereW;(5) = D;(8)%;(8) 'Di(8)
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Goodness-of-fit Tests

Pearson Statistic

@

X2P = X%(p,,fr,).
1

k
with X3 (pi, #:) = n; Z(pzr — #)? R
=1

Deviance

Xf): X%)(phfrz)-,

I

Il
-

i

.
with x5 (p;, 7)) = 2n; Z i log <]jn-> .

Tir

r=1

4 Regression Analysis of count data

4.1 Basic Model

MeX fory e {0,1,2
P(Y:y): y!F Y {}
0 otherwise

pi = exp(x}' 8), log(w:) =X/ B

Log-likelihood!(/3), score functions(3) and Fisher matrix’(3):
1B) = yX! B —exp(x! B) +log(ui),
i=1

s(B) = sz(?/l - CXP(X;I,VB))v

F(B) = > xoT exp(xT ).

4 REGRESSION ANALYSIS OF COUNT DATA
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Goodness-of-fit for Poisson Regression Model

N
Yi
D=2 ylog<7>,
N A \2
; Yi — i
=3 Ui
i=1 o

For ;1; — oo one obtains the approximation

D, x% ~ x*(N = p).
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4.2 Modelling of Overdispersion

(1) Quasi-Likelihood Methods
wi = h(z?B)

Estimation equation

z": Opayi — i
i=1 ()77 v 'u
(2) Negative binomial Gamma-Poisson Model

P(y:) /f yilbi) f
:/<‘7b”“(bis> )( ot e a

:r(rgly“i(;il (;Lﬁl}) (uﬁV) '

. 1
E(y) = pi = exp(X; B), var(y;) = p; + ;u?.

(3) Zero-inflated counts
With C denoting the class indicator of subpopulatio6$ & 1 for responders and’; = 0 for non-
responders) one obtains the mixture distribution

P(yi =y) = P(yi = y|Ci = D)mi + P(y; = y|Ci = 0)(1 — ;)

E(ys) = mipi,
var(y;) = mip; + mi(1 — ;)i
= mipi(1 4 pa(1 = 7).

log (i) = X! B,
logit(m) = 2",

(4) Hurdle Models

Ply=0) = (0),
P(y=r)=.fz(r)%%, P12
BE(y) =y,

- z:/zfz(r)v - (irﬁ(rh)z

= pa(1 + pz)y = p37”.
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5 Repeated Measurements

5.1 Tests for binary response

19

General form

Hypotheses

(1) McNemar

Mo (no1 — n1o)? Hy (1)
no1 + Nio a

(2) Binomial test

ol + o=t~ B(t,0.5)

(3) Likelihood Ratio test

2 2
A = 2np log L) + 2n49log <$ K
no1 + Nio ne1 + N1o a

(1)

5 REPEATED MEASUREMENTS

5.2 Logistic Regression
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(a) Subject-specific parameter

1
logit (P(yi = 1|2)) = B, + 2.8, 2, =1
git (P (yi |:)) Tt T {0, =1

Conditional likelihood

AN 1
L(B) = H P (yir, yiolyan +yia = 1) = ( > (

B 8
Yi1tyiz=1 Lte lte
Hypotheses
Hy:8=0 Hy :8#0
Test statistic
3 .
! & ON(0,1)
1 1
o1 T e

(b) Regression with covariates

logit (P(yix = 1|xit)) = Bi + xjpy

Conditional likelihood

Le(v) = H P (Yirs Yiolyir + yiz = 1)

Yirt+yiz=1
y¥ *
e(xiz—xin) "y Y 1 1-y;
B y l;[ . 1 4 e(xiz—xi))Ty 1 + e(xiz—xi))Ty
i1+yie=

where

e { L (yys) = (0,1)
' 0, (yir,92) = (1,0)

>mo




