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1 Distributions

1.1 Binomial distribution

The variabley is binomially distributed,y ∼ B(n, π), if the probability mass function is given by

f(y) =

{ (n
y

)
πy(1− π)n−y y ∈ {0, 1, . . . , n}

0 otherwise.

The parameters aren ∈ IN, π ∈ [0, 1]. One obtains

E(y) = nπ, var(y) = nπ(1− π).

1.2 Multinomial distribution

The vectoryT = (y1, . . . , yk) is multinomially distributed,y ∼ M(n, (π1, . . . , πk)), if the probability
mass function is given by

f(y1, . . . , yk) =

{
n!

y1!·...·yk! πy1
1 · . . . · πyk

k yi ∈ {0, . . . , n}, ∑i yi = n

0 otherwise

whereπT = (π1, . . . , πk) is a probability vector, i.e.πi ∈ [0, 1],
∑

i πi = 1.
One has

E(yi) = nπi, var(yi) = nπi(1− πi),
cov(yi, yj) = −nπiπj, i 6= j.

1.3 Poisson distribution

A variabley follows a Poisson distribution,y ∼ Po(λ), if the probability mass function is given by

f(y) =

{
λy

y!
e−λ y = 0, 1, 2, . . .

0 otherwise.

The parameterλ > 0 determines
E(y) = λ, var(y) = λ.
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1.4 Poisson gamma distribution

The variabley ∈ {0, 1, . . .} follows a Poisson gamma distribution,PoGa(µ, a, b), (also known as nega-
tive binomial distribution), if the mass function is given by

f(y) =
Γ(y + a)

y! Γ(a)

(
b

b+ µ

)a(
µ

b+ µ

)y

, y ∈ {0, 1, . . .}

whereµ > 0, a > 0, b > 0. One has

E(y) = µ
a

b
, var(y) = µ

a

b

(
1 +

µ

b

)
.

For a ∈ N the distribution is exclusively called negative binomial distribution,NB(a, π), with mass
function

f(y) =

(
y + a− 1

y

)
πa(1− π)y, y ∈ {0, 1, . . .}

andπ = b/(b+ µ). Herea denotes the number of successes andy the number of failures.

1.5 Gamma distribution

A random variabley is gamma distributed,y ∼ Γ(ν, α), if it has density function

f(y) =

{
0 y ≤ 0
αν

Γ(ν)
yν−1e−αy y > 0

where forν > 0, Γ(ν) is defined by

Γ(ν) =

∫ ∞

0

xν−1e−xdx.

One has
E(y) =

ν

α
, var(y) =

ν

α2
.

Forν = 1 the exponential distribution is a special case.
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2 Loglinear Models

2.1 Two-way tables

In general, two-way(I × J)-contingency tables withI rows andJ columns may be described by

Xij = counts in cell(i, j),

XA ∈ {1, . . . , I} representing the rows,

XB ∈ {1, . . . , J} representing the columns.

The observed contingency table has the form

XB

1 2 . . . J
1 X11 X12 . . . X1J X1+

2 X21
.. .

...
...

XA ...
...

.. .
...

I XI1 . . . XIJ XI+

X+1 . . . X+J

whereXi+ =
∑J

j=1 Xij , X+j =
∑

i=1 Xij denote the marginal counts. The subscript” + ” denotes the
sum over that index.

Poisson and Multinomial settings

Let Xij, i = 1, . . . , I, j = 1, . . . , J follow independent Poisson distributions,Xij ∼ Po(λij). Then the
conditional distributionof (X11, . . . , XIJ) givenn =

∑
i,j Xij is multinomial. More concrete, one has

(
(X11, . . . , XIJ)|

∑

i,j

Xij = n

)
∼ M(n, (λ11/λ, . . . , λIJ/λ)),

with λ =
∑

i,j λij.

Multinomial and Product-Multinomial settings

Let (X11, . . . , XIJ) have multinomial distribution,(X11, . . . , XIJ) ∼ M(n, (π11, . . . , πIJ)). By condi-
tioning on the row marginsni+ =

∑
j Xij one obtains the product-multinomial distribution with proba-

bility mass function

f(x11, . . . , xIJ) =
I∏

i=1

ni+!

xi1! · . . . · xiJ !
πxi1

1|i · . . . · πxiJ

J |i

whereπj|i = πij/
∑

j πij = πij/πi+. Thus the cell counts of one row givenni+ have multinomial
distribution,

(Xi1, . . . , XiJ) ∼ M(ni+, (π1|i, . . . , πJ |i))
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Loglinear Model for Two-Way Tables

log(µij) = λ0 + λA(i) + λB(j) + λAB(i,j)

Constraints:
I∑

i=1

λA(i) =
J∑

j=1

λB(j) =
I∑

i=1

λAB(ij) =
J∑

j=1

λAB(ij) = 0,

or
λA(I) = λB(J) = λAB(iJ) = λAB(Ij) = 0.

Additional constraints for multinomial tables:
∑

i,j

eλ0eλA(i)eλB(j)eλAB(ij) = n

Additional constraints for product-multinomial tables:

J∑

j=1

eλ0eλA(i)eλB(j)eλAB(ij) = ni+, i = 1, . . . , I (for ni+ fixed),

I∑

i=1

eλ0eλA(i)eλB(j)eλAB(ij) = n+j, j = 1, . . . , J (for n+j fixed).

2.2 Three-way tables

Three-Way Tables

XC

XA XB 1 2 · · · K
1 1 X111 X112 · · · X11K X11+

2 X121 X122
...

...
...

J X1J1 · · · X1JK X1J+

2 1 X211 X212 · · · X21K X21+

2 X221 X222
...

...
...

J X2J1 · · · X2JK X2J+
...

...
...

...
...

...
I 1 XI11 XI12 · · · XI1K XI1+

2 XI21 XI22
...

...
...

J XIJ1 · · · XIJK XIJ+
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Product-Multinomial settings

ni++ = Xi++ is fixed and

(Xi11, . . . , XiJK) ∼ M(ni++, (πi11, . . . , πiJK)), (1)

whereπijk = P (XB = j,XC = k|XA = i). An example of the second variant (two design variables) is
obtained by lettingXA andXB be design variables, i. e.nij+ = Xij+ is fixed and

(Xij1, . . . , XijK) ∼ M(nij+, (πij1, . . . , πijK)). (2)

whereπijk = P (XC = k|XA = i,XB = j).

Loglinear Model for Three-Way Tables

log(µijk) = λ0 + λA(i) + λB(j) + λC(k) + λAB(i,j) + λAC(ik) + λBC(jk) + λABC(ijk)

Constraints:
∑

i

λA(i) =
∑

j

λB(j) =
∑

k

λC(k) = 0,

∑

i

λAB(ij) =
∑

j

λAB(ij) =
∑

i

λAC(ik) =
∑

k

λAC(ik) =
∑

j

λBC(jk) =
∑

k

λBC(jk) = 0,

∑

i

λABC(ijk) =
∑

j

λABC(ijk) =
∑

k

λABC(ijk) = 0,

or

λA(I) = λB(J) = λC(K) = 0,

λAB(i,J) = λAB(I,j) = λAC(iK) = λAC(Ik) = λBC(jK) = λBC(Jk) = 0,

λABC(Ijk) = λABC(iJk) = λABC(ijK) = 0.
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Loglinear Model Regressors of
Logit-Model

AB/AC B
A

C
1, xA

XB, XC conditionally independent, givenXA

AB/BC B
A

C
1, xB

XA, XC conditionally independent, givenXB

AC/BC B
A

C
1, xA, xB

XA, XB conditionally independent, givenXC

A/BC B
A

C
1, xB

XA independent of(XB, XC)

AC/B B
A

C
1, xA

(XA, XC) independent ofXB

AB/C B
A

C
1

(XA, XB) independent ofXC

A/B/C B
A

C
1

XA, XB, XC are dependent

AB/AC λABC = λBC = 0 P (XB, XC |XA) = P (XB|XA)P (XC |XA)
XB, XC conditionally independent givenXA

AB/BC λABC = λAC = 0 P (XA, XC |XB) = P (XA|XB)P (XC |XB)
XA, XC conditionally independent givenXB

AC/BC λABC = λAB = 0 P (XA, XB|XC) = P (XA|XC)P (XB|XC)
XA, XB conditionally independent givenXC

A/BC λABC = λAB = λAC = 0 P (XA, XB, XC) = P (XA)P (XB, XC)
XA jointly independent of(XB, XC)

AC/B λABC = λAB = λBC = 0 P (XA, XB, XC) = P (XA, XC)P (XB)
(XA, XC) jointly independent ofXB

AB/C λABC = λAC = λBC = 0 P (XA, XB, XC) = P (XA, XB)P (XC)
(XA, XB) jointly independent ofXC

A/B/C λABC = λAB = λAC = P (XA, XB, XC) = P (XA)P (XB)P (XC)
λBC = 0 XA, XB, XC are independent
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Type 0: Saturated Model

log(µijk) = λ0 + λA(i) + λB(j) + λC(k) + λAB(i,j) + λAC(ik) + λBC(jk) + λABC(ijk).

Type 1: No three-factor interaction

log(µijk) = λ0 + λA(i) + λB(j) + λC(k) + λAB(ij) + λAC(ik) + λBC(jk).

Type 2: Only two two-factor interactions contained

log(µijk) = λ0 + λA(i) + λB(j) + λC(k) + λAC(ik) + λBC(jk).

Type 3: Only one two-factor interaction contained

log(µijk) = λ0 + λA(i) + λB(j) + λC(k) + λBC(jk).

Type 4: Main effects model

log(µijk) = λ0 + λA(i) + λB(j) + λC(k).

2.3 Inference for Loglinear Models

Likelihood and log-likelihood

Let all the Parameters be collected in one parameter vectorγ. From the likelihood function

L(γ) =
I∏

i=1

J∏

j=1

K∏

k=1

µ
xijk

ijk

xijk!
e−µijk

one obtains the log-likelihood

l(γ) =
∑

i,j,k

xijk log(µijk)−
∑

i,j,k

µijk −
∑

i,j,k

log(xijk!).

With µijk parameterized as the saturated loglinear model one obtainsby rearranging terms (and omitting
constants)

l(γ) = nλ0 +
∑

i

xi++λA(i) +
∑

j

x+j+λB(j) +
∑

k

x++kλC(k)

+
∑

i,j

xij+λAB(ij) +
∑

i,k

xi+kλAC(ik) +
∑

j+k

x+jkλBC(jk)

+
∑

i,j,k

xijkλAB(ijk) −
∑

i,j,k

exp(λ+ λA(i) + . . .+ λABC(ijk)).
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Testing and Goodness of fit

For models with an intercept the deviance has the form

D = 2
∑

i

xi log

(
xi

µ̂i

)
.

When considering goodness-of-fit an alternative is Pearson‘sχ2

χ2
P =

∑

i

(xi − µ̂i)
2

µ̂i

.

For fixedN , both statistics have approximateχ2-distribution if the assumed model holds and meansµi

are large. The degrees of freedom areN − p wherep is the number of estimated parameters.

3 Regression Models

3.1 Binary Response

π(xi) = P (yi = 1|xi) = h(xT
i β)

Likelihood and Fisher Matrix for grouped data (withN groups)

l(β) =
N∑

i=1

ni

{
ȳi log

(
π(xi)

1− π(xi)

)
+ log(1− π(xi))

}

F (β) = E(−∂l2(β)/∂β∂βT ) =
N∑

i=1

ni
∂h(xT

i β)/∂η

h(xT
i β)(1− h(xT

i β))
xixT

i .

For the logit model which has canonical link one obtains the simpler Fisher matrix

F (β) =
N∑

i=1

nih(xT
i β)(1− h(xT

i β))xixT
i .
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Alternative links:

Probit model
π(x) = φ(xTβ); φ−1(π(x)) = xTβ.

Complementary log-log model

π(x) = 1− exp(− exp(xTβ)); log(− log(1− π(x))) = xTβ.

Log-log model
π(x) = exp(− exp(−xTβ)); − log(− log(π(x))) = xTβ.

Exponential distribution or Complementary log model

π(x) = 1− exp(−xTβ); − log(1− π(x)) = xTβ.

Exponential or log-link model

π(x) = exp(xTβ); log(π(x)) = xTβ.

Cauchy model
π(x) = tan−1(xTβ)/π + 1/2; tan(π(π(x)− 1/2)) = xTβ.

Explanatory value

Likelihood-Ratio-Index

R2
MF = 1− log(L(β̂))

log(L(β̂0))

Cox& Snell (1989)

R2
LR = 1−

(
L(β̂0)

L(β̂)

)2/n

Efrons measure

R2
E = 1−

n∑

i=1

(yi − π̂i)
2

n∑

i=1

(yi − ȳ)2

Mittlere Vorhersagedifferenz

λ =
1

n1

∑

yi=1

π̂i −
1

n2

∑

yi=0

π̂i

Kendalls

τa =
Nc −Nd

n(n− 1)/2
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Overdispersion: Beta-binomial Model

P (yi;ni, ai, bi) =

∫
P (yi|Di = ϑi)p(ϑi)dϑi

=

∫ (
ni

yi

)
ϑyi
i (1− ϑi)

ni−yi
Γ(ai + bi)

Γ(ai)Γ(bi)
ϑai−1
i (1− ϑi)

bi−1dϑi

=

(
ni

yi

)
(ai + yi − 1)yi(bi + ni − yi − 1)ni−yi

(ai + bi + ni − 1)ni

.

Overdispersion: Quasi-likelihood

E(yi) = niπi = nih(xT
i β),

var(yi) = niπi(1− πi)φ.

3.2 Multinomial Response

Generic Multinomial Logit Model

P (Y = r|x) = exp(xTβr)∑k
s=1 exp(x

Tβs)

with optional side constraints

βk = (0, . . . , 0)T reference categoryk

βr0 = (0, . . . , 0)T reference categoryr0
k∑

s=1

βs = (0, . . . , 0)T symmetric side constraint

Multinomial logit model mit reference categorykkk

log

(
P (Y = r|x)
P (Y = k|x)

)
= xTβr, r = 1, . . . , k − 1,

or

P (Y = r|x) = exp(xTβr)

1 +
k−1∑
s=1

exp(xTβs)

, r = 1, . . . , k − 1,

P (Y = k|x) = 1

1 +
k−1∑
s=1

exp(xTβs)

.
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Multinomial logit model with category specific covariates (reference categorykkk)

P (Y = r|x, {wwwj}) =
exp(xTβr + vvvTr α)

1 +
k−1∑
s=1

exp(xTβs + vvvTs α)

, r = 1, . . . , k − 1

P (Y = k|x, {wwwj}) =
1

1 +
k−1∑
s=1

exp(xTβs + vvvTs α)

or

log

(
P (Y = r|x, {wwwi})
P (Y = k|x, {wwwi})

)
= xTβr + vvvTr α, r = 1, . . . , k − 1

3.3 Multinomial Response: Ordered Categories

Cumulative Type Model, dichotomization into groups

[1, . . . , r|r + 1, . . . , k] yr =

{
1 Y ∈ {1, . . . , r}
0 Y ∈ {r + 1, . . . , k}

Sequential Type Model, dichotomization givenY ≥ r

1, . . . , [r|r + 1, . . . , k] yr =

{
1 Y = r
0 Y > r

given Y ≥ r

Adjacent Type Model, dichotomization givenY ∈ {r, r + 1}

1, . . . , [r|r + 1], . . . , k] yr =

{
1 Y = r
0 Y ≥ r + 1

given Y ∈ {r, r + 1}

Threshold (simple Cumulative) Model

P (Y ≤ r|x) = F (γ0r + xTγ),

or
P (Y = r|x) = F (γ0r + xTγ)− F (γ0,r−1 + xTγ),

where−∞ = γ00 ≤ γ01 ≤ · · · ≤ γ0k = ∞.

Sequential Model
P (Y = r|Y ≥ r, x) = F (γ0r + xTγ), r = 1, . . . , k,

or

P (Y = r|x) = F (γ0r + xTγ)
r−1∏

i=1

(1− F (γ0i + xTγ)).
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Cumulative Logit Model (Proportional Odds Model)

P (Y ≤ r|x) = exp(γ0r + xTγ)

1 + exp(γ0r + xTγ)
,

or

log

(
P (Y ≤ r|x)
P (Y > r|x)

)
= γ0r + xTγ.

Cumulative Probit Model
P (Y ≤ r|x) = Φ(γ0r + xTγ).

Cumulative Maximum Extreme Value (Gumbel) Model

P (Y ≤ r|x) = exp(− exp(γ0r + xTγ)),

or
log(− log(P (Y ≤ r|x)) = γ0r + xTγ.

Cumulative Minimum Extreme Value Model (Proportional Hazards Model, Gompertz Model)

P (Y ≤ r|x) = 1− exp(− exp(γ0r + xTγ)),

or
log(− log(P (Y > r|x)) = γ0r + xTγ,

or
P (Y = r|Y ≥ r, x) = 1− exp(− exp(γ̃0r + xTγ)),

with γ0r = log(
∑r

i=1 exp(γ̃0i)), r = 1, . . . , k.

Sequential Logit Model (Continuation Ratio Logits Model)

P (Y = r|Y ≥ r, x) =
exp(γ0r + xTγr)

1 + exp(γ0r + xTγ)
,

or

log

(
P (Y = r|x)
P (Y > r|x)

)
= γ0r + xTγ.

Generalized Cumulative Model

P (Y ≤ r|x) = F (γ0r + xTγr), r = 1, . . . , k.

Generalized Sequential Model

P (Y = r|Y ≥ r, x) = F (γ0r + xTγr), r = 1 . . . , k.
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3.4 Common structure

Basic structure of multicategorical models

g(πi) = Ziβ, πi = h(Ziβ),

with

g = (g1, . . . , gq)
T : Rq −→ Rq, h = g−1,

πi = (πi1, . . . , πiq)
T , πir = P (Y = r|xi).

3.5 Inference

Log Likelihood
nipi ∼ M(ni,πi), i = 1, . . . , g

l(β) =

g∑

i=1

{
q∑

r=1

nipir log(πir/(1− πi1 − · · · − πiq)) + log(1− πi1 − · · · − πiq)

}
+log(c(pi1 . . . , piq))

Score function

s(β) = ∂l(β)/∂β =

g∑

i=1

ZT
i Di(β)Σ

−1
i (β)(pi − µi(β)),

whereDi(β) = ∂h(Ziβ)/∂η,Σi(β) = cov(pi) =
1
ni

{
diag(πi)− πiπ

T
i

}

Fisher matrix

F (β) =

g∑

i=1

ZT
i Wi(β)Zi,

whereWi(β) = Di(β)Σi(β)
−1Di(β)
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Goodness-of-fit Tests

Pearson Statistic

χ2
P =

g∑

i=1

χ2
P (pppi, π̂i),

with χ2
P (pppi, π̂i) = ni

k∑

r=1

(pir − π̂ir)
2/π̂ir.

Deviance

χ2
D =

g∑

i=1

χ2
D(pppi, π̂i),

with χ2
D(pppi, π̂i) = 2ni

k∑

r=1

πir log

(
pir
π̂ir

)
.

4 Regression Analysis of count data

4.1 Basic Model

P (Y = y) =

{
λy

y!
e−λ for y ∈ {0, 1, 2, . . . }

0 otherwise.

µi = exp(xT
i β), log(µi) = xT

i β

Log-likelihoodl(β), score functions(β) and Fisher matrixF (β):

l(β) =
n∑

i=1

yixT
i β − exp(xT

i β) + log(yi!),

s(β) =
n∑

i=1

xi(yi − exp(xT
i β)),

F (β) =
n∑

i=1

xixT
i exp(xT

i β).
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Goodness-of-fit for Poisson Regression Model

D = 2
N∑

i=1

yi log

(
yi
µ̂i

)
,

χ2
P =

N∑

i=1

(yi − µ̂i)
2

µ̂i

.

Forµi → ∞ one obtains the approximation

D,χ2
P ∼ χ2(N − p).
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4.2 Modelling of Overdispersion

(1) Quasi-Likelihood Methods
µi = h(xT

i β)

Estimation equation
n∑

i=1

xi
∂µi

∂η

yi − µi

v(µi)
= 0

(2) Negative binomial Gamma-Poisson Model

P (yi) =

∫
f(yi|bi)f(bi)d bi

=

∫ (
e−biµi

(biµi)
yi

yi!

)(
νν

Γ(ν)
bν−1
i e−νbi

)
d bi

=
Γ(yi + ν)

Γ(ν)Γ(yi + 1)

(
µi

µi + ν

)yi ( ν

µi + ν

)ν

.

E(yi) = µi = exp(xT
i β), var(yi) = µi +

1

ν
µ2
i .

(3) Zero-inflated counts
With C denoting the class indicator of subpopulations (Ci = 1 for responders andCi = 0 for non-
responders) one obtains the mixture distribution

P (yi = y) = P (yi = y|Ci = 1)πi + P (yi = y|Ci = 0)(1− πi)

E(yi) = πiµi,

var(yi) = πiµi + πi(1− πi)µ
2
i

= πiµi(1 + µi(1− πi)).

log(µi) = xT
i β,

logit(πi) = zTi γ,

(4) Hurdle Models

P (y = 0) = f1(0),

P (y = r) = f2(r)
1− f1(0)

1− f2(0)
, r = 1, 2, . . .

E(y) = γµ2,

var(y) =
n∑

r=1

r2f2(r)γ −
( ∞∑

r=1

r f2(r)γ

)2

= µ2(1 + µ2)γ − µ2
2γ

2.
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5 Repeated Measurements

5.1 Tests for binary response

General form

y2
1 0

y1
1 n11 n10

0 n01 n00

Hypotheses

H0 : P (y2 = 1)− P (y1 = 1) = 0

H1 : P (y2 = 1)− P (y1 = 1) 6= 0

(1) McNemar

M =
(n01 − n10)

2

n01 + n10

H0∼
a

χ2(1)

(2) Binomial test

n01|n01 + n10 = t
H0∼ B(t, 0.5)

(3) Likelihood Ratio test

λ = 2n01 log

(
2n01

n01 + n10

)
+ 2n10 log

(
2n10

n01 + n10

)
H0∼
a

χ2(1)
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5.2 Logistic Regression

(a) Subject-specific parameter

logit (P (yit = 1|xt)) = βi + xtβ, xt =

{
1, t = 2

0, t = 1

Conditional likelihood

Lc(β) =
∏

yi1+yi2=1

P (yi1, yi2|yi1 + yi2 = 1) =

(
eβ

1 + eβ

)n01
(

1

1 + eβ

)n10

Hypotheses

H0 : β = 0 H1 : β 6= 0

Test statistic

β̂√
1

n01
+ 1

n10

a∼ N(0, 1)

(b) Regression with covariates

logit (P (yit = 1|xit)) = βi + xT
itγ

Conditional likelihood

Lc(γ) =
∏

yi1+yi2=1

P (yi1, yi2|yi1 + yi2 = 1)

=
∏

yi1+yi2=1

(
e(xi2−xi1)

Tγ

1 + e(xi2−xi1)Tγ

)y∗i (
1

1 + e(xi2−xi1)Tγ

)1−y∗i

where

y∗i =

{
1, (yi1, yi2) = (0, 1)

0, (yi1, yi2) = (1, 0)


